We discuss why the Slavnov higher covariant derivative regularization appeared to be an excellent instrument for investigating quantum corrections in supersymmetric gauge theories. For example, it allowed to demonstrate that the β-function in these theories is given by integrals of double total derivatives and to construct the NSVZ renormalization prescription in all loops. It was also used for deriving the non-renormalization theorem for the triple gauge-ghost vertices. With the help of this theorem the exact NSVZ β-function was rewritten in a new form, which revealed its perturbative origin. Moreover, in the case of using the higher covariant derivative regularization it is possible to construct a method for obtaining the β-function of N = 1 supersymmetric gauge theories, which simplifies the calculations in a great extent. This method is illustrated by an explicit two-loop calculation made in the general ξ-gauge.
Introduction
Investigation of quantum corrections in various field theory models plays an important role for understanding nature. For instance, the comparison of the experimental values for the electron and muon anomalous magnetic moments with the theoretical predictions unambiguously indicates that nature should be described by quantum field theory [1] . The renormalization group behaviour of the running coupling constants in the Standard model and its extensions can be interpreted as an indirect evidence of supersymmetry and Grand Unification [2] . Certainly, there are also a large number of other examples. However, it is well known that usually quantum corrections are divergent in the ultraviolet region, so that for calculating them one should use a regularization. Although the most popular method for making perturbative calculations is dimensional regularization [3, 4, 5, 6] , for supersymmetric theories it is very inconvenient because of the manifest breaking of supersymmetry [7] . Its special modification, called dimensional reduction [8] , appears to be mathematically inconsistent [9] and can also break supersymmetry in very higher orders [10, 11] . However, for regularizing supersymmetric theories one can use generalizations of the higher covariant derivative regularization proposed by A.A.Slavov in Refs. [12, 13] . An evident advantage of this regularization is that it is formulated in integer space-time dimensions. Moreover, in the supersymmetric case it can be consistently formulated in terms of N = 1 superfields [14, 15] . It is also possible to construct N = 2 supersymmetric higher derivative regulators [16] , but for theories with extended supersymmetry the version formulated in N = 2 harmonic superspace [17, 18] is the most preferable. It has been constructed Ref. [19] and allows to calculate quantum corrections in a manifestly N = 2 supersymmetric way in all orders. Using this regularization one can derive the non-renormalization theorems for theories with extended supersymmetry [20, 21, 22, 23] in a simple and elegant way [19, 24] .
The main idea of the higher covariant derivative regularization is to add a term with a large degree of the covariant derivatives to the classical action. This allows to remove all divergences beyond the one-loop approximation [25] . For regularizing the remaining one-loop divergences one has to insert into the generating functional the Pauli-Villars determinants [26] . The presence of higher derivatives in the action essentially complicates explicit calculations of quantum corrections. For a long time this was a main obstacle for using this regularization. However, the calculations made in supersymmetric theories during the last decades demonstrated that the higher derivative regularization reveals the structure of quantum corrections in these theories and allows to solve the long-standing problems of deriving the NSVZ equation and constructing the NSVZ scheme. In this paper we will briefly review these issues and illustrate the results by an explicit two-loop calculation.
The supersymmetric version of the higher covariant derivative regularization
It is convenient to formulate N = 1 supersymmetric theories in superspace, because in this case supersymmetry turns out to be a manifest symmetry. In this case a general massless renormalizable N = 1 supersymmetric gauge theory with a simple gauge group G is described by the action
where V is the gauge superfield, and φ i are the chiral matter superfileds. The supersymmetric gauge superfield strength W a =D 2 (e −2V D a e 2V )/8 is a chiral superfield which transforms as a right spinor under the Lorentz group.
To construct the corresponding quantum theory, it is convenient to use the background field method [27, 28, 29] in the supersymmetric version [20, 30] . Moreover, it is necessary to take into account the necessity of the non-linear renormalization of the quantum gauge superfield, see the general consideration in Refs. [31, 32, 33] and explicit calculations of Refs. [34, 35, 36] . This can be done by making the substitution
where the function F(V ) contains an infinite set of parameters needed for making the nonlinear renormalization, and V is the background gauge superfield. Note that in this case the quantum gauge superfield satisfy the constrain V + = e −2V V e 2V . To introduce the higher covariant derivative regularization we first modify the action in such a way that the regularized action contains higher degrees of the supersymmetric covariant derivatives,
where e 0 and λ ijk 0 are the bare gauge and Yukawa coupling constants, respectively. In the notation adopted in this paper the supersymmetric covariant derivatives are defined as
They are present inside the regulator functions R(x) and F (x) which should rapidly grow at infinity and satisfy the condition R(0) = F (0) = 1. The simplest choice is R(x) = 1 + x m , F (x) = 1 + x n , where m and n are positive integers. In Eq. (3) the gauge superfield strength is
As a gauge fixing action we use the term
where K(0) = 1 and K(x) → ∞ at x → ∞. The corresponding Faddeev-Popov and Nielsen-Kallosh actions are written as
respectively. Here c = e 0 c A t A andc are the chiral Faddeev-Popov ghost superfields, and the chiral superfield b = e 0 b A t A stands for the Nielsen-Kallosh ghosts. Note that after the gauge fixing procedure the total action S total = S reg + S gf + S FP + S NK remains invariant under the background gauge transformations and the BRST transformations [37, 38] in the superfield version [31] . The one-loop divergences are regularized by inserting into the generating functional the relevant Pauli-Villars determinants [26] . In the supersymmetric case, following Ref. [39] , the generating functional for the regularized theory can be constructed as
where Dµ is the measure of the functional integration and 
The masses of the Pauli-Villars superfields should be proportional to the parameter Λ for obtaining a regularized theory with a single dimensionful parameter,
where the coefficients a ϕ and a are independent of couplings.
Features of quantum corrections in supersymmetric theories regularized by higher derivatives
Application of the higher covariant derivative regularization to explicit calculations revealed a lot of interesting features of quantum corrections in supersymmetric theories which could not be noted with the dimensional reduction. In particular, the calculation of Ref. [40] demonstrated that the integrals giving the β-function of N = 1 supersymmetric electrodynamics (SQED) are integrals of total derivatives with respect to the loop momenta. In Ref. [41] it was noted that they are also integrals of double total derivatives. The all-order proof of this fact has been done in Refs. [42, 43] and subsequently verified by an explicit three-loop calculation of Ref. [44] . These integrals are similar to the toy integral
where f (Q 2 ) is a nonsingular function rapidly decreasing at infinity. Due to the factorization into double total derivatives one of loop integrals can be calculated analytically. In the Abelian case this allows to relate the β-function in a certain order with the anomalous dimension of the matter superfields in the previous order by the so-called exact NSVZ β-function [45, 46] 
where N f is a number of flavors [42, 43] . It is important that the renormalization group functions (RGFs) in this equation are defined in terms of the bare coupling constant. Such RGFs are scheme independent for a fixed regularization, so that in the case of using the higher derivative regularization Eq. (15) takes place in all orders for an arbitrary renormalization prescription.
In the case of using the dimensional reduction this is not so [47, 48] , and Eq. (15) for RGFs defined in terms of the bare coupling constant does not take place starting from the three-loop approximation.
For the standard definition of RGFs in terms of the renormalized coupling constant,
the Abelian NSVZ equation is valid only in a certain class of the subtraction schemes described in [49] . It is well known that the DR-scheme (i.e. dimensional reduction supplemented by the modified minimal subtractions [50] ) does not belong to this class in both Abelian and non-Abelian cases [51, 52, 53, 54, 55] . However, the NSVZ scheme can be easily constructed in all orders in the case of using the higher derivative regularization [56, 57, 58] . It is obtained with the so-called HD+MSL prescription [59, 60] , when the theory is regularized by Higher covariant Derivatives and Minimal Subtractions of Logarithms are used for the renormalization. In this case one should include into the renormalization constants only powers of ln Λ/µ. Another example of an all-order prescription which gives the NSVZ scheme in the Abelian case is the on-shell scheme [61] . The MOM scheme is not NSVZ [58] .
Using the method proposed in Ref. [42] some NSVZ-like relations were also proved in all orders. In particular, the factorization of integrands into double total derivatives turns out to produce the NSVZ-like equation [62, 63, 64] describing running of the photino mass in softly broken SQED [65] and the NSVZ-like relation for the Adler D-function in N = 1 SQCD [66, 67] . In both cases with the higher covariant derivative regularization RGFs defined in terms of the bare couplings satisfy these equations independently of a renormalization prescripton, while the NSVZ scheme for RGFs defined in terms of the renormalized couplings is given by the HD+MSL prescription, see Refs. [68] and [69] . In the case of using dimensional reduction the former RGFs do not satisfy the NSVZ equation, while for the latter RGFs the NSVZ scheme should be specially tuned in each order of the perturbation theory, see Refs. [63] and [70] .
However, the generalization of the results obtained in Ref. [42] to the non-Abelian case turned out to be a much more complicated problem. Although numerous explicit calculations made with the higher covariant derivative regularization [71, 72, 73, 74, 75, 76, 77] reveal the structure of loop integrals similar to the Abelian case, the factorization into the double total derivatives has been proved in all orders only recently [78] . (Note that the main ingredient of this proof is again the regularization by higher covariant derivatives.) Moreover, the non-Abelian NSVZ equation [79, 80, 81, 82] 
where r ≡ dim G, C(R) i j ≡ (T A T A ) i j , and C 2 ≡ T (Adj), relates the β-function to the anomalous dimension of matter superfields in all previous orders, while calculating integrals of double total derivatives we reduce the number of loop integrals only by 1. The solution of this problem has been found using the new non-renormalization theorem for the triple gauge-ghost vertices proved in Ref. [83] using the Slavnov-Taylor identities [84, 85] and the Feynman rules in N = 1 superspace [30, 86, 87] . 2 This non-renormalization theorem states that the vertices with two exteral ghost legs and one external leg of the quantum gauge superfield are finite in all orders of the perturbation theory. This result can be written in the form
where the renormalization constants are defined by the equations
Therefore, there is a subtraction scheme in which Z
This allows rewriting the exact NSVZ β-function in a new form, which expresses it in terms of the anomalous dimensions of the quantum superfields [83] ,
It is important that this equation relates the β-function in a certain order only to the anomalous dimensions in the previous order and has the same qualitative interpretation as in the Abelian case. Namely, if we consider a supergraph without external legs, then attaching two external Vlines in all possible ways we obtain a (rather large) set of two-point superdiagrams contributing to the function β(α 0 , λ 0 )/α 2 0 . From the other side, by cutting internal lines in the original graph we produce a set of superdiagrams contributing to the anomalous dimensions of the quantum gauge superfield γ V (α 0 , λ 0 ), of the Faddeev-Popov ghost γ c (α 0 , λ 0 ), and of the matter superfield (γ φ ) i j (α 0 , λ 0 ). Then, all these contributions to various RGFs are related by Eq. (20) . Due to the factorization into double total derivatives Eq. (20) presumably takes place for RGFs defined in terms of the bare couplings in all loops in the case of using the higher covariant derivative regularization. Then according to [83] , the NSVZ scheme in the non-Abelian case is given by the HD+MSL prescription. Although the general all-loop proof of these facts is in preparation, the explicit calculations of Refs. [76, 77] confirm them. In these papers the three-loop contributions to the β-function containing the Yukawa couplings have been compared with the corresponding two-loop contributions to the anomalous dimensions of the quantum superfields. The NSVZ equations (17) and (20) have been checked for RGFs defined in terms of the bare couplings and for RGFs defined in terms of the renormalized couplings in the HD+MSL scheme. It is important that in this approximation the scheme dependence becomes essential. 3 Certainly, the corresponding calculations are very complicated from the technical point of view. That is why the complete three-loop calculation with the higher covariant derivative has not yet been done. Actually, only the one-loop calculation with the regularization described above has been made in Ref. [75] . However, according to Ref. [78] it is possible to construct a special method for calculating the β-function with the higher covariant derivative regularization which simplifies the calculations in a great extent and produces the result in the form of integrals of double total derivatives. Below we formulate the corresponding algorithm and apply it for calculating the two-loop β-function.
An algorithm for simple calculating the β-function with the higher covariant derivative regularization
The proof of the factorization of the loop integrals giving the β-function into integrals of double total derivatives suggests a simple method for constructing these integrals [78, 90] . It is based on the observation that integrals of double total derivatives appear even for sum of superdiagrams which are formally obtained from a single vacuum supergraph by attaching two external lines of the background gauge superfield in all possible ways. So, let us start with a certain L-loop supergraph without external lines and describe an algorithm for obtaining the corresponding contribution to the function β(α 0 , λ 0 )/α 2 0 : 1. With the help of supersymmetric Feynman rules we should formally write the contribution to the effective action coming from the supergraph under consideration.
2. After this, it is necessary to insert the expression θ 4 (v B ) 2 to an arbitrary point containing the integration over d 4 θ, where v B are the slowly changing functions which tend to 0 only at a very large scale R. If there are no such points, then one should convert one of the integrations over d 2 θ into d 4 θ, which is always possible.
3. Then one should calculate the obtained expression omitting terms suppressed by powers of 1/(ΛR) and extract the factor
4. Next, we mark L propagators corresponding to the Euclidean momenta Q µ i which are considered as independent. Let a i be the indices corresponding to their beginnings. Evidently, their product is proportional to
The loop integral corresponding to the considered vacuum supergraph is modified by the formal replacement
in the integrand. 6. Finally the result is multiplied by
Note that the differentiation with respect to ln Λ should be made before the integration over loop momenta to avoid appearing of expressions which diverge in the infrared region. As a result of the procedure described above we obtain a part of the expression
coming from all two-point superdiagrams corresponding to the original vacuum supergraph. This algorithm simplifies the calculations to a great extent, because instead of calculating a large number of two-point superdiagrams one has to calculate only a single supergraph without external legs.
Two-loop β-function with the higher derivative regularization
As an illustration of the method described above, we calculate the two-loop β-function of the theory (1) in the general ξ-gauge (6) . It is worth to note that earlier the two-loop β-function has been obtained only in the Feynman gauge ξ = 1 in the case of using the simplified version of the higher derivative regularization breaking the BRST invariance. To restore the Slavnov-Taylor identities [84, 85] in this case one had to use a special renormalization procedure proposed in [91, 92] and subsequently generalized to the supersymmetric case in [93, 94] . The result found in Ref. [71] 4 using the standard technique of calculations was originally written as a sum of integrals of total derivatives. Subsequently, it was noted that it can be also written in the form of integrals of double total derivatives [74] . Comparing the result with Eq. (20) , it is possible to see [59] that Eq. (20) really relates the two-loop β-function with the one-loop anomalous dimensions of the quantum superfields at the level of loop integrals.
However, the two-loop β-function has never been calculated with the (BRST invariant) version of the higher covariant derivative regularization described in this paper. Moreover, the gauge dependence of NSVZ equation has not also been investigated. In the case of using the standard methods, the corresponding calculations appear to be rather complicated. However, the technique described above allows making it much easier.
B1
B2 B3 B4 B5 B6 B7 The two-loop contribution to the β-function is generated by the supergraphs presented in Fig. 1 . To obtain (a very large number of) usual two-point superdiagrams, one should attach to them two external legs of the background gauge superfield in all possible ways. However, as we discussed earlier, in the case of using the higher covariant derivative regularization their contributions can be constructed by calculating only specially modified vacuum supergraphs presented in Fig. 1 . The result of this calculation obtained according to the algorithm described above can be written as
where the expressions for all ∆ I (β/α 2 0 ) are presented in Appendix A and
is the one-loop contribution to the β-function. With the regularization considered in this paper it has been calculated in Ref. [75] . The contributions ∆ gauge+ghost (β/α 2 0 ), ∆ matter (β/α 2 0 ), and ∆ Yukawa (β/α 2 0 ) are the sums of the superdiagrams generated by the supergraphs B1 -B4, B5
and B6 (including the supergraphs containing a loop of the Pauli-Villars superfields Φ i ), and B7, respectively. The contribution ∆ ϕ (β/α 2 0 ) comes from the supergraphs B5 and B6 in which the solid line corresponds to a loop of the Pauli-Villars superfields ϕ a .
It is necessary to note that all gauge dependent terms containing the parameter ξ 0 and the regulator K(x) (see Eq. (6)) cancel each other, so that the resulting expression turns out to be gauge independent. However, the expressions for separate supergraphs contain gauge dependent terms. (For example, the results for the supergraphs B3 and B4 explicitly written in Ref. [90] for the particular case K(x) = R(x) do contain them.) Also it should be noted that the expressions for separate supergraphs contain some terms which are not well defined. However, in their sum all bad terms disappear and the resulting expression is well defined.
With the help of equations similar to (14) it is possible to calculate one of the loop integrals in the expressions (38) - (41) . Omitting inessential higher order terms we obtain
Summing up these contributions and substituting the expression (26) for the one-loop β-function, we find the complete expression for the two-loop β-function in the form of the loop integrals
Before calculating the remaining integrals, it is expedient to compare this expression with the one-loop anomalous dimensions of the quantum superfields (defined in terms of the bare couplings) obtained in Ref. [75] ,
Then we see that even at the level of the loop integrals the NSVZ equation in the form (20) is satisfied by these RGFs in the considered approximation,
It is easy to verify that (up to notations) this result agrees with the first two-loop calculation made in Ref. [95] with dimensional regularization. Certainly, this occurs due to the scheme independence of the two-loop β-function.
Note that, according to [75] , at the level of loop integrals
This implies that the original NSVZ equation (17) is also valid for RGFs defined in terms of the bare couplings in the considered approximation,
This result is analogous to the one obtained in Ref. [59] in the case of using the simplified BRST non-invariant version of the higher derivative regularization. However, using of the invariant regularization is certainly more preferable. Moreover, Eq. (35) has been derived for the general ξ-gauge (6) . This allows investigating the gauge dependence of the NSVZ equation. We see that the β-function is gauge independent, while the anomalous dimensions (32) and (33) explicitly depend on the gauge parameter ξ 0 . However, this gauge dependence disappears in the sum of terms in the right hand side. This implies that the NSVZ equation takes place in an arbitrary ξ-gauge.
Taking into account that the two-loop β-function and the one-loop anomalous dimensions are scheme independent, we also see that in the considered approximation the NSVZ equations (17) and (20) are also satisfied by RGFs defined in terms of the renormalized couplings for an arbitrary renormalization prescription.
Conclusion
In this paper we argue that the Slavnov higher covariant derivative regularization is a very useful tool for both investigating the structure of quantum corrections in supersymmetric theories and explicit perturbative calculations. Unlike the dimensional reduction, it allows to reveal the origin of the exact NSVZ β-function, namely, the factorization of integrals giving the β-function into integrals of double total derivatives with respect to the loop momenta. Due to this fact RGFs defined in terms of the bare couplings satisfy the NSVZ equation in all loops independently of a renormalization prescription. For RGFs defined in terms of the renormalized couplings the NSVZ scheme in all orders is given by the HD+MSL prescription, which in particular includes this regularization. Note that the proof of these facts essentially involves the new nonrenormalization theorem for the triple gauge-ghost vertices. This theorem was also derived with the help of the higher covariant derivative regularization using the supergraph calculation rules and the Slavnov-Taylor identities.
Last years a large number of explicit multiloop calculations were made with the higher covariant derivative regularization. These calculations confirm the general statements discussed above. In particular, the statement "HD+MSL=NSVZ" has been checked in such an order of the perturbation theory where the scheme dependence is essential. Note that recently a special method for making such calculations was proposed. It allows to simplify the calculations considerably and to obtain the results for contributions to β-function in the form of integrals of double total derivatives. In this paper we demonstrated the application of this method by calculating the two-loop β-function for the general renormalizable N = 1 supersymmetric gauge theory in the ξ-gauge. This calculation confirmed the validity of the new form of the NSVZ equation (20) at the level of loop integrals for an arbitrary ξ and showed the gauge independence of both sides of the NSVZ equation, at least, in the considered approximation. 
